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Abstract. The interacting Kane-Mele model with a long-range hopping is studied
using analytical method. The original Kane-Mele model is defined on a honeycomb
lattice. In the work, we introduce a four-lattice-constant range hopping and the on-site
Hubbard interaction into the model and keep its lattice structure unchanged. From
the single-particle energy spectrum, we obtain the critical strength of the long-range
hopping tL at which the topological transition occurs in the non-interacting limit of
the model and our results show that it is independent of the spin-orbit coupling.
After introducing the Hubbard interaction, we investigate the Mott transition and
the magnetic transition of the generalized strongly correlated Kane-Mele model using
the slave-rotor mean field theory and Hartree-Fock mean field theory respectively. In
the small long-range hopping region, it is a correlated quantum spin Hall state below
the Mott transition, while a topological Mott insulator above the Mott transition.
By comparing the energy band of spin degree of freedom with the one of electrons
in non-interacting limit, we find a condition for the tL-driven topological transition.
Under the condition, critical values of tL at which the topological transition occurs are
obtain numerically from seven self-consistency equations in both regions below and
above the Mott transition. Influences of the interaction and the spin-orbit coupling
on the topological transition are discussed in this work. Finally, we show complete
phase diagrams of the generalized interacting topological model at some strength of
spin-orbital coupling.
Keywords : interacting Kane-Mele model, topological transition, magnetic transition,
slave-rotors mean field theory
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1. Introduction
Over the past decade, the research of topological insulators has been a main topic in
condensed matter physics[1, 2, 3]. Topological insulators are novel quantum phases
which have a charge excitation gap in bulk similarly to the band insulator and gapless
edge modes described by Dirac-type Fermions. The topological phases are charactered
by non-trivial topological invariants, e.g. TKNN number [4] or Chern number [5] and
Z2 topological invariant [6]. The topological invariant should be changed when the
topological phase transition occurs, which corresponds to the closing of the bulk gap
due to the adiabatic continuity. By the argument of topology, it is believed that a
topological insulator should be stable to weak disorder or many-body interactions as long
as they keep the bulk gap opened [6, 7, 8]. It is natural to investigate effects of strong
electron-electron correlations on topological systems and especilly search for new states
of matter which arise due to the interplay between topology and strong correlations.
The topological Mott insulator (TMI) [9] arising in correlated topological systems is a
typical new state which has characters of Mott insulators (MI) and topological band
insulators (TBI). Besides the TMI, a large number of topological phases emerge in
various topologically non-trivial systems with strong correlations, such as the correlated
topological insulator (CTI), the fractionalized quantum spin Hall state (FQSH), the
fractionalized Chern insulator (FCI), etc. [10, 11] These novel phases enrich the phase
diagram of a topological system and phase transitions between them have attracted
great attention over the past years[12, 13, 14].
The Kane-Mele (KM) model [15] is a significant toy model in studies of topological
insulators. In the case of half-filling, the quantum spin Hall (QSH) state arises due
to the spin-orbit coupling of next-nearest neighbor electrons on the honeycomb lattice.
The QSH state characterized by a non-trivial Z2 topological invariant has a bulk gap
and an odd number of Kramers pairs of gapless edge modes [6, 15]. On the other
hand, the Hubbard model [16] may be the simplest possible model that captures the
essential physics of strongly correlated systems, e.g. metal-insulator transitions. It is
well known that there are two descriptions of metal-insulator transitions, i.e. the Mott
scenario [16, 17] and the magnetic scenario [18]. The combination of the two celebrated
models, named Kane-Mele-Hubbard model(KMH), provides an ideal setting to reveal
new physics of corrlated topological systems [19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29].
Effects of strong electron correlations on the KM model on the honeycomb lattice have
been investigated by various analytical or numerical methods, e.g. slave-particle/spin
mean field methods [19, 20, 21], Schwinger boson/fermion approaches[22], the cellular
dynamical mean field theory (DMFT) [23], the variational cluster approach (VCA)
[24] and the quantum Monte Carlo (QMC) simulation [25, 26, 27]. In general, the
correlated QSH state of the KMH model which connects adiabatically to the QSH state
of KM model is stable against the weaker correlation and the magnetic insulating phase
emerges when the correlation becomes sufficiently strong. Between the two states various
exotic states which stem from the interplay of topology and correlations, e.g. the TMI,
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the quantum spin liquid (QSL), and the QSH state coupled to a dynamical Z2 gauge
field (QSH∗), can emerge in the intermediate correlation region. Some of the phase
transitions in KMH model have been investigated by Hohenadler et al. [27] using the
QMC simulation and Griset and Xu [28] from the viewpoint of field theory. Furthermore,
Bercx et al. [29] have investigated effects of strong correlations on the KM model on the
honeycomb lattice with a magnetic flux of ±pi through each hexagon. They found that
the antiferromagnetic order develops above a critical value of the correlation, similar to
the case of ordinary KMH model, and there is a correlation-induced gap in the edge
states as a result of umklapp scattering at half-filling. For comprehensive understanding
on the field, we refer to recent review articles [12, 13, 30].
Recently, effects of interactions on various generalized KM models have been
investigated by several anthors. Hung et al. [31, 32] have studied a KMH model on
the honeycomb lattice with third-nearest neighbor hopping using the QMC simulation.
Chen et al. [33] studied the same model on the same lattice at finite temperature
using cellular dynamical mean field theory(DMFT). Based on the single-particle Green’s
function obtained from QMC calculations, Lang et al. [34] have investigated phase
transitions driven by the bond dimerization and strong electron-electron correlations in
the dimerized KMH model on the honeycomb lattice, such as the topological transition,
the magnetic transition and the transition from non-ordered dimerized insulators to
antiferromagnetic insulators. At the mean field level, Lai and Hung [35] have studied
effects of the short-ranged interaction on the KM model with staggered potentials. They
found that the on-site repulsive Hubbard interaction stabilizes the QSH state against the
staggered potential, while the attractive interaction destabilizes the topological phase.
In the work of Hung et al. [32], a KMH model with a long-range hopping (i.e.
a four-lattice-constant range hopping) was investigated by the QMC simulation. In
the non-interacting KM model, the long-range hopping can drive a transition from the
Z2 topological insulator to a topologically trivial band insulator. Their investigation
showed that the on-site Hubbard interaction shifts the critical strength of the long-
range hopping at which the topological phase transition occurs and the interaction
stabilizes the topological insulator state against the long-rang hopping. It is necessary
to note that different investigations between the two generalized KMH models [32] with
the third-nearest neighbor hopping and the long-range hopping stem from the type of
hopping, since the two models have the same honeycomb lattice structure. From the
discussion of a similar model in their work, such conclusion may be appropriate that
the influence of the interaction on the critical strength of the long-range hopping can’t
be captured by Hartree-Fock (HF) mean field theory.
In the present work, using mean field methods, we study the generalized KMH
model which have been studied by Hung et al.. In the case of non-interacting electrons,
the topological phase transition driven by the four-lattice-constant range hopping is
obtained from the single-particle energy spectrum. Slave-rotor mean field method
[36, 37, 38] is applied to the model when the Hubbard interaction is introduced. We
show the interesting physics of KM model stemming from the interplay of the long-range
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hopping and strong interactions. It is also our concern that can the influence of the
interaction on the topological transition driven by the long-range hopping be captured
by slave-rotor mean field theory. Furthermore, HF mean field theory is applied to the
large Hubbard interaction to investigate the magnetic transition of the generalized KMH
model which have not been dealt with in other articles. The complete phase diagram
including the correlated QSH state and the TMI is obtained in this work.
Our paper is organized as follows. In section 2, we revisit the KM model with
the four-lattice-constant range hopping. The hopping strength at which the topological
transition occurs is critical to the following discussion about the generalized interacting
KM model. In section 3, the Hubbard interaction is introduced into the model and
the two scenarios of metal-insulator transitions are obtained by slave-rotor mean field
method and HF mean field theory respectively. In this section, we investigate in
detail the topological phase transition driven by the long-range hopping and Hubbard
interaction. Finally, we conclude in section 4.
2. The Kane-Mele model with the four-lattice-constant range hopping
2.1. The model
The generalized Kane-Mele model on the honeycomb lattice is
H0 = −t
∑
<ij>
∑
σ
cˆ†iσ cˆjσ − tL
∑
{ij}
∑
σ
cˆ†iσ cˆjσ + iλ
∑
≪ij≫
∑
σσ′
νij cˆ
†
iσσ
z
σσ′ cˆjσ′ . (1)
Here cˆ†iσ (cˆiσ) is an creation (annihilation) operator of an electron with spin σ = ±1 at
site i, σz
σσ
′ is the z component of Pauli matrices, t is the hopping strength of nearest
neighbor (NN) electrons, and λ is the strength of spin-orbit coupling of next-nearest
neighbor (NNN) electrons. The second term is the four-lattice-constant range hopping
term with the strength tL. The parameter νij = −1 if the orientation of the NNN sites
i, j is right turn while νij = +1 if left turn. Lattice vectors of the honeycomb lattice
are a1 = (3a/2,
√
3a/2) and a2 = (3a/2,−
√
3a/2), as shown in figure 1. In the work,
we set the lattice constant a = 1 and the strength of NN hopping t = 1.
In momentum space, the Hamiltonian of the so called tL-KM model can be obtained
as
H0 =
∑
k
Ψ†
k
H0kΨk. (2)
Here Ψk = (cˆ
A
k↑, cˆ
B
k↑, cˆ
A
k↓, cˆ
B
k↓)
T is the electron operator in the momentum-spin space and
the Bloch Hamiltonian H0k is

λγ −gtL 0 0
−g∗tL −λγ 0 0
0 0 −λγ −gtL
0 0 −g∗tL λγ

 ,
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Figure 1. (a) the honeycomb lattice. Red solid arrows represent the lattice vectors
a1 = (3a/2,
√
3a/2) and a2 = (3a/2,−
√
3a/2). Blue solid arrows represent the NN
bonds in three directions: δ1 = (a/2,
√
3a/2), δ2 = (a/2,−
√
3a/2) and δ3 = (−a, 0).
The four-lattice-constant range bonds: 4δ1, 4δ2 and 4δ3 are represented by blue dotted
arrows. (b) The Brillouin zone of the model.
where A, B represent the sublattice of the honeycomb lattice as shown in figure 1,
gtL = t
∑
i e
ik·δi + tL
∑
i e
ik·4δi, and γ = 2[− sin(√3ky)+2 cos(3kx/2) sin(
√
3ky/2). From
the Hamiltonian matrix H0k, the single-particle energy spectrum can be obtained as
E±(k) = ±
√
|gtL |2 + (λγ)2 (3)
2.2. The topological phase transition driven by the long-range hopping
The energy spectum (equation (3)) of the tL-KM model becomes the one of KM model
when the strength of the long-range hopping tL = 0. The KM model has a energy
gap when λ 6= 0 and possesses a QSH state at half-filling. Although the energy gap of
equation (3) varies with the increase of the strength tL, the tL-KM model still stays in
a QSH state which connects adiabatically to the topological state of KM model as long
as tL keeps the gap opened . When the gap closes (then reopens) at some values of tL,
a topological transition from the QSH state to the topologically trivial band insulator
occurs. At λ = 0.2, the band structure for various tL is shown in figure 2. It is obvious
that gap is closed at tL = 1/3 and nodes are localized at the M-point and the midpoint
of the K-point and K′-point along the boundary of the Brillouin zone. Numerically, it
is easy to find that gaps always close at tL = 1/3 and is independent of the strength of
spin-orbital coupling. Figure 3 shows gaps of the generalied KM model for various values
of λ. When tL > 1/3 and λ 6= 0, the gap opens again and the phase is a topologically
trivial band insulator.
3. The tL-Kane-Mele model with strong interactions
In the section, the on-site Hubbard interaction is introduced into the tL-KM model
(called tL-KMH model). As mentioned earlier, there are two scenarios of metal-insulator
transitions in systems with strong electron-electron correlations. In the Mott scenario,
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Figure 2. Energy band structure of equation (3) at the strength of spin-orbit coupling
λ = 0.2. The path in the Brillouin zone is taken as shown in the figure 1(b).
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Figure 3. Gaps with the change of tL at various values of λ.
strongly correlated systems often display the spin-charge separation. It postulates
that electrons in those systems can be viewed as composites of chargons and spinons,
which respectively describe the charge and spin degrees of freedom. The slave-rotor
representation of the physical electron operators can treat economically the spin-charge
separation [36, 37, 38] and describe appropriately the Mott transition of the charge
degree of freedom and the possible quantum spin liquid (QSL) ground state of the spin
degree of freedom in strongly correlated systems[39, 40, 41]. For the tL-KMH model
studied here, in the slave-rotor representation the decoupling of charge and spin degrees
of freedom can lead to a novel state of matter—the QSL with non-trivial topological
band structure. We capture the Mott transition of the charge degree of freedom at
the intermediate Hubbard interaction using the slave-rotor mean field method. The
boundary of the Mott transition is obtained numerically from the mean field self-
consistency equations in the section. Furthermore, the slave-rotor mean field method
can be applied to obtain tL-driven topological transitions in both cases of condensed and
uncondensed charges. The influences of the Hubbard interaction on tL-driven topological
transitions is also discussed in detail here.
In the ordinary Hubbard model on the honeycomb lattice, the magnetic order can
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emerge at the large Hubbard interaction, although the critical Hubbard interaction
strongly depends on the used method, e.g. HF mean field theory, QMC simulation
and dynamical mean field theory (DMFT)[42, 43]. Similar situations arise when we
consider the tL-KMH model at the large Hubbard interaction. In this section, we obtain
the boundary of the magnetic transition by the HF mean field theory for simplicity and
focus more on the Mott tansition and influences of the Hubbard interaction on tL-driven
topological transitions using the slave-rotor mean field method.
3.1. The Mott transition of the charge degree of freedom
3.1.1. Slave-rotor representation. In the slave-rotor representation[36, 37, 38], the
electron annihilation operator is decomposed as
cˆiσ = e
iθi fˆiσ. (4)
Here eiθi is the U(1) rotor operator that describes the charge degree of freedom and fˆiσ
is the spinon operator that describes the spin degree of freedom of the electron. To
recover the Hilbert space of the electron, the charge and spin degree of freedom should
satisfy the constraint∑
σ
fˆ †iσfˆiσ + Lˆi = 1. (5)
Where the canonical angular momentum Lˆi = i∂θi associated with the angular θi is
introduced.
When the on-site Hubbard term is introduced, the Hamiltonian of the tL-KMH
model reads
H = H0 +
U
2
∑
i
(∑
σ
niσ − 1
)2
. (6)
In the slave-rotor representation, the Hamiltonian can be written as
H = − t
∑
<ij>σ
e−iθij fˆ †iσfˆjσ − tL
∑
{ij}σ
e−iθij fˆ †iσfˆjσ
+ iλ
∑
≪ij≫
∑
σσ′
νije
−iθij fˆ †iσσ
z
σσ′ fˆjσ′
+
U
2
∑
i
Lˆ2i − µ
∑
iσ
fˆ †iσfˆjσ. (7)
Here, θij = θi−θj , and µ is the chemical potential. From equation (7), it is clear that the
spin degree of freedom has the same band structure as the electron in non-interacting
limit when
〈
e−iθij
〉 6= 0 at the mean field level. The partition function is written as a
path integral of e−SE over fields f , f ∗ and θ, where
SE =
∫ β
0
dτ
[∑
i
−iLi∂τθi +
∑
iσ
f ∗iσ∂τfiσ +H +
∑
i
hi
(∑
σ
f ∗iσfiσ + Li − 1
)]
(8)
is the action in imaginary time (τ = it). Here the Lagrange multiplier hi is introduced
into the action to impose the constraint of equation (5). From the canonical equation
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of motion in imaginary time, i.e. i∂τθi = ∂H/∂Li, we can obtain the relation of L and
θ as Li = (i/U)∂τθi. Therefore, the action of the tL-KMH model can be given as
SE =
∫ β
0
dτ
[∑
iσ
f ∗iσ(∂τ − µ+ hi)fiσ +
1
2U
∑
i
(∂τθi + ihi)
2
+
∑
i
(−hi + h
2
i
2U
)− t
∑
<ij>σ
e−iθijf ∗iσfjσ − tL
∑
{ij}σ
e−iθijf ∗iσfjσ
+ iλ
∑
≪ij≫
∑
σσ′
νije
−iθijf ∗iσσ
z
σσ′fjσ′
]
. (9)
Next, we introduce a new field Xi = e
iθi which is imposed by the constraint |Xi|2 = 1
and six mean field parameters as follows:
QX = 〈
∑
σ
fA∗iσ f
B
jσ〉<ij>, (10)
Qf = 〈e−iθij〉<ij>, (11)
Q′X = 〈
∑
σσ′
iνijf
∗
iσσ
z
σσ′fjσ′〉≪ij≫, (12)
Q′f = 〈e−iθij〉≪ij≫, (13)
Q′′X = 〈
∑
σ
fA∗iσ f
B
jσ〉{ij}, (14)
Q′′f = 〈e−iθij〉{ij}. (15)
Then, the action becomes quadratic in the mean field treatment and is described by
the following expression in terms of two degrees of freedom (i.e. the charge degree of
freedom X and spin degree of freedom f)
SE =
∫ β
0
dτ
[ 1
2U
∑
i
i∂τX
∗
i (−i∂τ )Xi +
∑
i
ρi|Xi|2 +HX +
∑
iσ
f ∗iσ∂τfiσ +H
f + · · ·
]
.(16)
Here, the symbol “ · · ·” denotes constant terms of mean field decomposition and we
have set hi ≡ h = −µ = 0 for half-filling at the mean field level. ρi is the Lagrange
multiplier for constraint |Xi|2 = 1 and ρi ≡ ρ in the mean field treatment. In the above
expression,
HX = −tQX
∑
<ij>
X∗iXj − tLQ′′X
∑
{ij}
X∗iXj + λQ
′
X
∑
≪ij≫
X∗iXj (17)
and
Hf = −tQf
∑
<ij>σ
f ∗iσfjσ−tLQ′′f
∑
{ij}σ
f ∗iσfjσ+iλQ
′
f
∑
≪ij≫
∑
σσ′
νijf
∗
iσσ
z
σσ′fjσ′ .(18)
The action of equation (16) can be transformed into frequency-momentum space via
Fourier transforms
Xi(τ) =
1√
βNΛ
∑
k,n
′
ei(k·Ri−vnτ)Xk(ivn) +
√
x0, (19)
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fiσ(τ) =
1√
βNΛ
∑
k,n
ei(k·Ri−ωnτ)fkσ(iωn). (20)
Here NΛ denotes the number of unit cells and x0 is the density of the condensate of
charges. vn = 2npi/β are the Matsubara frequencies for bosons and ωn = (2n + 1)pi/β
for fermions and the summation excludes the point (iv0n,k
0) at which the condensate of
charges occurs. Finally, we can write the action in matrix form as
SE =
∑
k,n
ΨX†η
[( v2n
2U
+ ρ
)
δηκ +HXηκ
]
ΨXκ +
∑
k,n
Ψf†η [(− iωn)δηκ +Hfηκ]Ψfκ + · · · (21)
Here ΨX = (XA
k
(ivn), X
B
k
(ivn))
T and Ψf = (fA
k↑(iωn), f
B
k↑(iωn), f
A
k↓(iωn), f
B
k↓(iωn)
T .
Hamiltonian matrices of the X-field and f -field are respectively
HX =
(
Q′XλγX −QXg −Q′′Xg′tL
−QXg∗ −Q′′Xg′∗tL Q′XλγX
)
(22)
and
Hf =


Q′fλγf −Qfg −Q′′fg′tL 0 0
−Qfg∗ −Q′′fg′∗tL −Q′fλγf 0 0
0 0 −Q′fλγf −Qfg −Q′′fg′tL
0 0 −Qfg∗ −Q′′fg′∗tL Q′fλγf

 (23)
Here γX = 2[cos(
√
3ky) + 2 cos(3kx/2) cos(
√
3ky/2)], γf = γ = 2[− sin(
√
3ky) +
2 cos(3kx/2) sin(
√
3ky/2), g = t
∑
i e
ik·δi, and g′tL = tL
∑
i e
ik·4δi.
3.1.2. Green’s functions of two degrees of freedom and self-consistency equations for
the Mott transition. From the action of equation (21), Green’s functions of the charge
degree of freedom and spin degree of freedom in the lower band are respectively[44]
GlX =
1
v2n/U + ρ+ E
X
−
(24)
and
Glf↑(↓) =
1
iωn −Ef−
. (25)
Here EX− = −|QXg + Q′′Xg′tL | + Q′XλγX and Ef− = −
√
|Qfg +Q′′fg′tL |2 + (Q′fλγf)2 are
respectively lower energy eigenvalues of Hamiltonian matrices HX and Hf . In the
expression of equation (24), we have replaced U by U/2 to preserve the exact atomic
limit[36, 38]. In fact, energy spectrums of the lower band of charge and spin degree of
freedom can be obtained respectively from Green’s functions as
ξl(k) =
√
U(ρ+ EX− ) (26)
and
Ξl(k) = Ef−. (27)
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It is noteworthy that the energy spectrum ξl(k) of the lower band of charge degree of
freedom is different from the lower energy eigenvalue EX− of the Hamiltonian matrice
HX .
The six mean field parameters have been introduced in the slave-rotor
representation, i.e. equation (11)– (15). Including the constraint equation of the X-field
(i.e. |Xi|2 = 1), there are seven self-consistency equations in the slave-rotor mean field
method. When the Mott transition occurs, the density of the condensate of charges
x0 = 0 and ρ = −min(EX− ) derived from equation (26). Then the self-consistency
equations for the Mott transition of the charge degree of freedom can be obtained as
follows
1
NΛ
∑
k
√
Uc
2
√
EX− −min(EX− )
= 1 (28)
QX =
1
6NΛt
∑
k
2Qf |g|2 +Q′′f (gg′∗tL + g′tLg∗)√
(Q′fλγf)
2 + |Qfg +Q′′fg′tL|2
(29)
Q′X =
1
6NΛ
∑
k
−Q′fλγ2f√
(Q′fλγf)
2 + |Qfg +Q′′fg′tL|2
(30)
Q′′X =
1
6NΛtL
∑
k
Q′f (gg
′∗
tL
+ g′tLg
∗) + 2Q′′f |g′tL|2√
(Q′fλγf)
2 + |Qfg +Q′′fg′tL |2
(31)
Qf =
1
12NΛt
∑
k
√
Uc[2QX |g|2 + Q′′X(gg′∗tL + g′tLg∗)]
2
√
EX− −min(EX− )|QXg +Q′′Xg′tL |
(32)
Q′f =
1
12NΛ
∑
k
√
UcγX
2
√
EX− −min(EX− )
(33)
Q′′f =
1
12NΛtL
∑
k
√
Uc[QX(gg
′∗
tL
+ g′tLg
∗) +Q′′X |g′tL|2]
2
√
EX− −min(EX− )|QXg +Q′′Xg′tL |
. (34)
Here Uc is the critical Hubbard interaction at which the Mott transition of the charge
degree of freedom occurs.
3.1.3. Results. Solving numerically the seven self-consistency equations, i.e.
equation (28)–(34), we obtain boundaries of the Mott transition for various λ as shown
in figure 4. In the small-U region, the gap of the charge degree of freedom is closed
and charges are condensed, i.e. 〈Xi〉 6= 0. In this case, the charge degree of freedom
combines the spin degree of freedom to form the conventional electron with the same
band structure as the electron in tL-KM model (see equation(7) or (18)). When the spin
degree of freedom has a topologically non-trivial band structure, the combined phase
is a correlated QSH state which connect adiabatically to the QSH state possessed by
the tL-KM model. It is clear that the long-range hopping can drive the topological
transition from QSH insulators to topologically trivial band insulators. Therefore, the
charge condensed phase may be a trivial band insulator when the strength tL of the
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Figure 4. Mott transitions of the charge degree of freedom. QSH: quantum spin Hall,
QSL: quantum spin liquid, MI: Mott insulator, and TMI: topological Mott insulator.
long-range hopping beyond some critical values at which the gap of the spin degree of
freedom closes (then reopens).
In the larger-U region, the gap of the charge degree of freedom opens and there is
a spin-charge separation. It is a Mott insulator (MI) for the charge degree of freedom,
while a quantum spin liquid (QSL) state for the spin degree of freedom. When the spin
degree of freedom has a topologically non-trivial band structure, the charge uncondensed
phase is a novel topological Mott insulator (TMI)[9]. As the case of condensed charges,
there may be a tL-driven topological transition. If it occurs, the charge uncondensed
phase is just a mixing phase of the MI and a conventional QSL state.
The tL-driven topological transitions in both regions will be discussed in section 3.3
and 3.4.
3.2. The magnetic transition
In this subsection, we obtain the boundary of the magnetic transition using HF mean
field theory. A spin density wave (SDW) phase can emerge in various Hubbard models
on the honeycomb lattice, regardless of whether there is a topological band structure or
not [20, 42, 43, 45, 46]. In our KMH model, the topologically non-trivial band structure
of the spin degree of freedom should be destroyed due to the breaking of time-reversal
symmetries with the development of magnetic order. In the case of large on-site Hubbard
interactions, the charge uncondensed phase observed in the last subsection inevitably
turns into a SDW phase due to the bipartite nature of the honeycomb lattice.
The Hubbard interaction is
HU = U
2NΛ∑
i=1
ni↑ni↓
=
U
4
2NΛ∑
i=1
[
(ni↑ + ni↓)
2 − (ni↑ − ni↓)2
]
. (35)
By applying the HF mean field decomposition, i.e. 〈AB〉 = 〈B〉A+〈A〉B−〈A〉 〈B〉,
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the Hubbard interaction can be obtained as
HU = U
2NΛ∑
i=1
[
1
4
n2i −
1
2
mi(ni↑ − ni↓) + 1
4
m2i
]
. (36)
Here ni = ni↑+ni↓ is the total number of electrons and mi = 〈ni↑ − ni↓〉 is the magnetic
mean field parameter at the site i. Considering the bipartite nature of the honeycomb
lattice, we can obtain the Hubbard interaction as
HU =
U
2
NΛ∑
i=1
[−m(nAi↑ − nAi↓ − nBi↑ + nBi↓)]+ UNΛ2 m2 + C. (37)
Here C = (U/4)
∑NΛ
i=1[(n
A
i )
2 + (nBi )
2] is a constant and we have set mAi = −mBi = m
for simplicity. From the non-interacting Hamiltonian of equation (2) and the Hubbard
interaction of equation (37), the total Hamiltonian of the interacting model can be
written in the momentum-spin space as
H =
∑
k
Ψ†
k
HkΨk + UNΛ
2
m2 + C. (38)
Here the interacting Hamiltonian matrix Hk is

λγ − U
2
m −gtL 0 0
−g∗tL −λγ + U2m 0 0
0 0 −λγ + U
2
m −gtL
0 0 −g∗tL λγ − U2m

 .
We can immediately diagaonlize the Hamiltonian matrix to obtain the free energy
F (m) = −2
∑
k
√
|gtL|2 + (λγ −
Um
2
)2 +
UNΛ
2
m2 + C. (39)
Then, the self-consistency equation can be obtained by minimizing the free energy as
m =
1
NΛ
∑
k
U ′cm/4− λγ√|gtL|2 + (λγ − U ′cm/4)2 . (40)
Here, corresponding to the replacement of U by U/2 in the slave-rotor mean field
method, we have replaced U ′c by U
′
c/2. The critical Hubbard interaction U
′
c at which
the magnetic transition occurs can be obtained self-consistently from equation (40) as
shown in figure 5.
In the large-U region, m 6= 0 and the SDW emerges from the strong interaction.
Below the boundary of the magnetic transition, the magnetic order m is equal to zero
and the charge uncondensed phase is obtained from the slave-rotor mean field theory.
We find that U ′c increases with the increase of the spin-orbit coupling λ. It can be
understood from roles played by NN hopping and NNN spin-orbit coupling in the
formation of the SDW phase. It is well known that two electrons on NN sites tend
to couple antiferromagnetically due to the interplay between repulsive on-site Hubbard
interactions and their delocalization energy. The isotropic antiferromagnetic Heisenberg
exchange coupling constant (i.e. superexchange coupling constant)[47] J is proportional
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Figure 5. Magnetic transitions under the large-U at various strength λ of spin-orbit
coupling. SDW: spin density wave.
to t2/U . Similarly, the antiferromagnetic coupling will be generated between the
two electrons with spin-orbit coupling on NNN sites and the superexchange coupling
constant J ′ is proportional to λ2/U . The latter competes with the antiferromagnetically
ordered state on the NN sites (i.e. SDW phase). So the larger U is needed to stabilize
the SDW phase when the strength of spin-orbit coupling increases. From the numerical
result, we find that the minimun of critical Hubbard interaction U ′c appears at tL = 1/3
for each λ. This means that the long-range hopping stabilizes the SDW phase when
tL < 1/3, while destabilizes SDW phase when tL > 1/3.
3.3. The tL-driven topological transition in the region of charge condensed phase
In the model without strong interactions, a topological transition occurs at tL = 1/3,
and is independent of the value of λ. It is interesting to know what happens to the
topological transition when the interaction is introduced into the model. We investigate
the tL-driven topological transition of the interacting model in the two regions of charge
condensed and uncondensed phases.
When charges condense, the density of the condensate of charges is x0 (x0 6= 0)
at the point (iv0n,k
0). In this case, the self-consistency equations (29)–(31) are not
changed, but equations (28),(32)–(34) should be rewritten as
1
NΛ
∑
k
′
√
Uc
2
√
EX− −min(EX− )
+ x0 = 1 (41)
Qf =
1
12NΛt
∑
k
′
√
Uc[2QX |g|2 +Q′′X(gg′∗tL + g′tLg∗)]
2
√
EX− −min(EX− )|QXg +Q′′Xg′tL|
+ x0 (42)
Q′f =
1
12NΛ
∑
k
′
√
UcγX
2
√
EX− −min(EX− )
+ x0 (43)
Q′′f =
1
12NΛtL
∑
k
′
√
Uc[QX(gg
′∗
tL
+ g′tLg
∗) +Q′′X |g′tL|2]
2
√
EX− −min(EX− )|QXg +Q′′Xg′tL |
+ x0. (44)
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In the section 3.1, the boundary of the Mott transition for each λ is obtained from
self-consistency equations (28)–(34). In the case of x0 6= 0, what can be obtained from
the new self-consistency equations (29)–(31), (41)–(44)? If values of tL and Uc are chosen
in the region of charge condensed phase, the mean field parameters and the density x0
can be obtained numerically from these new self-consistency equations. It is clear that
different values of tL and Uc lead to different mean field parameters and the density x0.
If we choose all values of tL and Uc in the region of charge condensed phase, what we
do is nothing but scan the region and obtain the corresponding mean field parameters
and the density x0 for each point (tL, Uc) of the region. More interesting results may
be obtained if the band structure of the spin degree of freedom is considered, since it
can be topologically trivial or non-trivial. When the long-range hopping tL is small, the
system stays in the QSH state as long as tL keeps the gap of the spin degree of freedom
opened. If the gap closes (then reopens) for some larger tL, the topological transition
occurs. The situation arises in the non-interacting tL-KM model and we have found
that tL = 1/3. What about the case of the tL-KMH model? We can obtain numerically
mean field solutions for all points (tL, Uc) in the region of the charge condensed phase.
If solutions at some points cause the gap of the spin degree of freedom to close, the set
of these points is just the boundary of the topological transition which we search for. In
the following, we will find the condition that the gap of the spin degree of freedom closes
and then obtain the boundary of the topological transition through the self-consistency
equations with the condition.
From section 3.1, the single-particle energy spectrum of the spin degree of freedom
(i.e. f -field) which may possess a topologically non-trivial band structure can be
obtained as
Ξ(k) = ±
√
|Qfg +Q′′fg′tL |2 + (Q′fλγf)2. (45)
On the other hand, the single-particle energy spectrum of non-interacting electrons
has been obtained in equation (3). The fact that the gap of non-interacting electrons
closes (then reopens) at tL = 1/3t is critical to our investigations of the tL-driven
topological transition in the case of the strong interaction. By comparing equation (3)
and equation (45), we find that a condition for the closure of the gap of the spin degree
of freedom, i.e. the occurrence of the topological transition should be
tRL =
1
3
tR. (46)
Here tR = Qf t and t
R
L = Q
′′
f tL are respectively renormalized strengths of the NN
hopping and the long-range hopping. For the tL-driven topological transition, the seven
self-consistency equations in the charge condensed phase should be solved under the
condition (46). If these equations are solvable, the gap of the spin degree of freedom must
be closed and the topological transition occurs. Then, critical values of the Hubbard
interaction U, the long-range hopping tL or the spin-orbit coupling λ for the topological
transition can be obtained from mean field solutions. In our numerical calculation, we
find that the tL-driven topological transition is present in the charge condensed phase.
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Figure 6. Critical curves along which gaps of the spin degree of freedom close in the
region of charge condensed phase. tL = 1.064 is the maximum strength of the long-
range hopping at which the Mott transition of the charge degree of freedom occurs for
λ = 0.1, while tL = 1.078 for λ = 0.5. The horizontal solid line (gray) denotes U = 2.
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Figure 7. The tL − λ curve along which the topological transition occurs for U = 2.
The result is shown in figure 6. The gap of spin degree of freedom closes along the
critical curve. In the U − tL plane, the phase in the upper left region is actually the
correlated QSH state discussed in the previous subsection, while a topologically trivial
band insulator in the lower right region. In the region of charge condensed phase, the
maximum value of tL at which the Mott transition occurs is obtained numerically, e.g.
1.064 for λ = 0.1 and 1.087 for λ = 0.5. The results are consistent with the calculation
of mean field equations (28)–(34) under the condition (46).
The first question we want to answer is whether the critical value of tL at which
the topological transition occurs is dependent on the strength of the spin-orbit coupling
when the interaction is introduced. Our calculation show that the critical value of tL
decreases with increasing λ due to the interaction. It is different from the case of the
non-interacting limit. The relation between tL and λ at U = 2 is shown in figure 7. For
U = 0 we reproduce the earlier result that the tL-driven topological transition occurs
at tL = 1/3 which is independent of the value of λ (see figure 6).
Using the QMC simulation, Hung et al. [32] observed a shift of the critical tL
due to the introduction of interactions. We also find a shift of the critical tL using the
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Figure 8. Condensate density x0 versus critical tL at λ = 0.2.
slave-rotor mean field theory here. From figure 6, it is clear that the critical tL shifts
to the larger value with inceasing U for each λ. The region of correlated QSH phase is
enlarged and the interaction stabilizes the correlated topological phase. The influence
of interactions on the tL-driven topological transition investigated by our mean field
theory is similar to the investigation by QMC simulation.
It is interesting to examine the fate of the condensate of charge degree of freedom
along the phase boundary. The change of the condensate density x0 with the variation
of critical tL is shown in figure 8. For λ = 0.2, the condensate density has the maximum
value x0 = 1 at tL = 1/3 and equals zero at tL=1.068. The fact that the condensate
density decreases with increasing critical tL can be understood from the relation between
critical U and tL. At tL = 1/3, the Hubbard interaction U = 0 and the condensate
density x0 should have its maximum value. The condensate density x0 should decrease
with the increase of critical tL due to the increasing strong interaction with tL. At
tL = 1.068, the condensate density equals zero because of the occurrence of the Mott
transition. In our numerical calculation, the condensate density shifts slightly by roughly
0.7% when the spin-orbit coupling λ changes by 0.1. So we just draw the curve of
condensate density at λ = 0.2.
3.4. The tL-driven topological transition in the Mott region
In the Mott region of the intermediate Hubbard interaction, there is no condensate of
the charge degree of freedom, i.e. x0 = 0 and ρ 6= −min(EX− ). So terms −min(EX− )
in the self-consistency mean field equations (28)-(34) should be replaced by ρ. The
situation is similar to the one discussed in section 3.3. Using the altered self-consistency
equations, we can scan the Mott region and obtain the mean field parameters and ρ for
all points (tL, Uc) in the Mott region. If one wants to obtain the possible topological
transition in this region, the gap of the spin degree of freedom should be considered
additionally. The condition (46) for the tL-topological transition is already obtaind in
the previous section. Then, If the altered self-consistency equations can be solved under
the condition, points (tL, Uc) which form the boundary of topological transition are
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Figure 9. Critical curves along which gaps of spin degree of freedom close in the Mott
region for various λ.
picked out. Curves of the topological transition for various λ are shown in figure 9.
The phase in the upper left region is actually a TMI. In the lower right region, the
band structure of the spin degree of freedom is topologically trivial and the phase is a
mixing state of a conventional QSL state and the MI. In the Mott region, the minimum
of tL, e.g. 1.064 for λ = 0.1 and 1.087 for λ = 0.5, is the critical point at which the
Mott transition of charge degree of freedom occurs. The results are consistent with the
observation in the previous subsection. As the case of condensed charges, the critical
value of tL at which topological transition occurs is influenced by the spin-orbit coupling
and Hubbard interactions. However, there is another character about the influence, i.e.
the critical tL is insensitive to the spin-orbit coupling and Hubbard interactions in the
case of the larger U.
We can summarize above discussions to obtain phase diagrams of the interacting
topological model as shown in figure 10. Differences between phase diagrams at different
spin-orbit coupling λ are quantitative. Phase boundaries for different λ in phase
diagrams can be observed in detail from figure 4, 5, 6 and 9. Under the Mott transition
(indicated by blue solid lines in phase diagrams), the charge degree of freedom combines
the spin degree of freedom to form the conventional electron. In this region, using the
slave-rotor mean field theory, we recover the tL-driven topological transition (indicated
by red dot lines in the lower part of phase diagrams) which have been investigated
by Hung et al. [32] using the QMC simulation. Our results also demonstrate that
influences of interactions are “positive”, i.e. interactions can stable the QSH state
against the long-range hopping which drives the model into topologically trivial band
insulator. In the intermediate part of phase diagrams, the charge degree of freedom
forms the Mott insulator and the spin degree of freedom forms a QSL state which
determines the topology of the model. The part of phase diagrams, which includes
the TMI, the topologically trivial mixing phase and the tL-driven topological transition
(also indicated by red dot lines) between the two phases, is investigated for the first
time in this work. In the upper part of phase diagrams, the magnetically ordered phase
of tL-KMH model is also obtained for the first time, although the approach used here
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Figure 10. The complete phase diagram of the tL-KMH model at λ = 0.2 (a) and
λ = 0.4 (b).
is the straightforward HF mean field theory.
4. conclusions and outlook
There is a tL-driven topological transition when the four-lattice-constant range hopping
is introduced into the KM model. The critical strength of the long-range hopping at
which the topological transition occurs is independent of the spin-orbit coupling λ, i.e.
tL ≡ 1/3. We apply the slave-rotor mean field method to the interacting KM model with
the long-range hopping. In the mean field method, the interaction lead to a spin-charge
separation and the Mott transition of charge degree of freedom occurs at the intermediate
Hubbard interaction. It is a mixing phase of a Mott insulator of charge degree of freedom
and a QSL state of spin degree of freedom above the Mott transition, while a state of
conventional electrons below the Mott transition. At the small long-range hopping,
the charge condensed phase is a correlated QSH state which connects adiabatically
to the QSH state possessed by the tL-KM model, and the charge uncondensed phase
is the TMI. By comparing the band of spin degree of freedom of the tL-KMH model
with the one of electrons in the non-interacting limit, a key condition in terms of the
renormalized long-range hopping and nearest neighbor hopping (i.e. tRL = 1/3t
R) is
obtained to investigate the tL-driven topological transition in regions below and above
the Mott transition. Under the transition condition, the critical tL of the topological
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transition is got from the self-consistency mean field equations in both regions. In the
region below the Mott transition, the critical tL is influenced by the strong interaction.
Our result shows that the critical tL shifts to the larger value with inceasing U for each λ.
The shifts demonstrate that the strong interaction stables the topological phase against
the long-range hopping which drives the system from the correlated QSH insulator to
the topologically trivial band insulator. The investigations qualitatively consistent with
the QMC simulation, although the slave-rotor mean field treatment overestimates the
effect of the strong interaction on the tL-driven topological transition. Moreover, from
arguments of Florens et al. [36, 37, 38] this mean field approach is still reliable in the
intermediate interaction and can provide some reasonable physics of strongly correlated
systems. In the region above the Mott transition, a tL-driven topological transition of
the spin degree of freedom is obtained for the first time and we find that it is insensitive
to the spin-orbit coupling and the Hubbard interaction when the Hubbard interaction
U becomes large in the Mott region. Adding the magnetic transition from the HF
mean field method, we obtain the complete phase diagram of the tL-KMH model, which
displays the rich physics stemming from the interplay of topology, electron correlations
and the long-range hopping.
There are many generalized models possessing topological states, e.g. KM model
with staggered potentials or third-nearest neighbor hopping. It is well known that
there are topological transitions driven by the staggered potential or others in these
models. Influences of strong interaction on topological transitions in these models may
be investigated by the slave-rotor mean field theory, since the mean field theory can
reveal appropriately some physics of strongly correlated systems. Moreover, if lattice
symmetries are considered, the investigation may be more interesting.
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